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Abstrat
Gauge dependene of the dimension two ondensate in Abelian and non-Abelian
Yang-Mills theory is investigated.
1 Introdution
Reently muh attention has been drawn to vauum ondensates < 0|Aa2µ |0 > and
< 0|caca|0 > in non-Abelian gauge theories. It is believed that these ondensates
arry information about nonperturbative phenomena in quantum hromodynamis,
suh as quark onfinement [1, 2℄. They ontribute to the nonperturbative parts of
the gluon [3, 4℄ and the quark [5℄ propagators. In the papers [1, 2℄ it was sug-
gested that the gluon ondensate may be sensitive to various topologial defets suh
as Dira strings and monopoles. Considered ondensates are vauum expetation
values of gauge dependent operators, whih makes problems for alulation of ob-
servable effets. In the papers [6, 7℄ it was shown, that if one onsiders Yang-Mills
theory as a limit of a (regularized) nonommutative gauge-invariant theory, then
the v.e.v. <
∫
d4xA2µ > doesn't depend on the hoie of gauge and, therefore, it may
have a diret physial meaning. This proof essentially depends on the existene of
a gauge-invariant regularization of nonommutative theories, and this question re-
quires further investigation. Thus, it is interesting to explore the gauge invariane
of dimension 2 ondensate in the ommutative theory, and to study the question
of its possible ontribution to the Wilson OPE. A partial answer to this question
for the ase of Abelian theory was given in the work [6℄. In this work we ontinue
investigating this question in the Abelian, as well as in non-Abelian ases, and we
explore the question of Wilson OPE in nonommutative theory.
1
2 Some ondensates of mass dimension two and their
appliations in field theory
In this setion we will be dealing with Green's funtions and v.e.v.'s of the gluon
field Aµ(x) in α-gauges, and of the ghost fields c(x), c(x).
The simplest Green's funtions in non-Abelian gauge theories are the funtions
< TAµ(x)Aν(y) >, < Tc(x)c(y) >. Numerial alulations of path integrals, de-
termining these v.e.v.'s, allow to explore the nonperturbative ontributions to these
propagators. These ontributions play an important role in the Wilson expansions of
operators TAµ(x)Aν(y) and Tc(x)c(y), where they appear as the power orretions
to the leading term of order O((x − y)−2), whih orresponds to the unit opera-
tor in the expansion. The next operators, whih ontribute to this expansion are
the operators of mass dimension 2: Aµ(x)A
µ(x) and c(x)c(x). In this work we will
be dealing with these ondensates. Their ontribution to the Wilson OPE has the
following form [8℄:∫
d4xeipx(TAaµ(x)A
b
ν(0)) →
p→∞
C [1]abµν (p) · 1 + C
[A2ρ]ab
µν (p)(A
c
ρ)
2 + C [cc]abµν (p)c
dcd + ... (1)
If one is interested in the behavior of the gluon propagator at large momenta, then
one should take the v.e.v. of this expression, whih obviously depends on the values
of the ondensates < 0|(Acρ)
2|0 > and < 0|cdcd|0 >. In partiular, it is of interest
to know if it is possible to onstrut gauge-invariant or at least BRST-invariant
ombinations of these ondensates (or orresponding operators). The answer to this
question was partially given in the work [8℄: in gauges with the gauge fixing/ghost
term of the form
1
LGF+FP =
α′
2
BaBa −
α′
2
gtabdcbcdBa +Ba∂µA
a
µ + c
aMabc
b −
α′
8
g2tabdtaefcbcdcecf (2)
there exists a BRST-invariant operator O ≡
∫
d4x(1
2
Aµ(x)A
µ(x)−α′c(x)c(x)). It is
worth noting that BRST-invariane of this operator is preserved in the U(1)-theory
in Lorentz-type gauges, but in the general ase of Yang-Mills theory in the widely
used Lorentz-type gauge (the so-alled α-gauge) this statement is no longer orret.
No value of α′ an turn LGF+FP into
LGF+FP = −
α
2
BaBa +Ba∂µA
a
µ + c
aMabc
b,
whih orresponds to Lorentz-type gauge fixing. Besides, one an diretly hek,
that
δO =
∫
d4x
[
∂µ(A
a
µca) +
α
2
tabdcbcdca
]
=
∫
d4x
α
2
tabdcbcdca 6= 0. (3)
On the other hand, in the physial setor the operator A ≡ cbcdca is equivalent to
the null-operator beause of the non-zero ghost number:
|ψphys >: Qghost|ψphys >= QBRST |ψphys >= 0
1
Here B is an auxiliary Nakanishi-Lautrup field, and integration over it an be easily done in
the path integral
2
0 =< ψ1phys|[iQghost,A]|ψ
2
phys >=< ψ
1
phys|A|ψ
2
phys > (4)
Note that due to BRST invariane of the above mentioned operator in gauges,
determined by the funtional (2), and also in Abelian theory, it is easy to see, that
BRST-invariane is transferred to the ase of maximal Abelian gauge, whih has an
Abelian setor analogous to the U(1)-theory (more preisely, the U(1)N−1-subgroup
of the SU(N) group), and in the non-Abelian setor the gauge is fixed by a funtional
of type (2). It has been also proved in [8℄.
Let's mention one important differene between the propagators of gauge fields in
the Abelian and non-Abelian theories. In Abelian U(1)-theory the gauge parameter
α enters the full propagator of the photon field only through the trivial longitudinal
part:
Gµν(p) = (ηµν −
pµpν
p2
)G(p2)− α
pµpν
p4
, (5)
where G(p2) doesn't depend on α (in non-Abelian theory this statement is false,
whih is easy to show, making alulations in lowest orders of perturbation theory).
The proof of this statement an be found, for instane, in [6℄. In the present artile
a proof, based on the Ward identities, is given in Appendix 1. This observation
allows us to build the following gauge-invariant quantity:
< 0|T (Aµ(x)A
µ(y) + αc(x)c(y))|0 > (6)
In Abelian theory the ghost field is free, and
< 0|T (c(x)c(y))|0 >=
∫
d4p eip(x−y)
1
p2 + iǫ
.
Taking into aount that
< 0|T (Aµ(x)A
µ(y))|0 >=
∫
d4p eip(x−y)Gµµ(p),
we prove gauge invariane of the quantity (6). From analogous onsiderations it
is lear that the vauum ondensate < 0|Aµ(x)A
µ(x) + αc(x)c(x)|0 > is gauge-
invariant, too.
3 Contribution of ondensates < A2µ > and < cc >
to the Wilson expansion of the operator
K(x, y) ≡ T (Aµ(x)A
µ(y) + αc(x)c(y)) in U(1)-theory
In this setion we disuss the question, how gauge invariane of the vauum ex-
petation value < 0|K(x, y)|0 > onstrains the possible terms, ontributing to the
Wilson expansion of this operator. The Wilson expansion of the operator K(x, y)
3
in ommutative U(1)-theory (inluding interation with a spinor field ψ(x) of mass
m) takes the following form2:
K(x, y) →
x−y→0
C0(x− y) · 1 + C
(1)
1µν(x− y)A
µ(y)Aν(y) + (7)
+C
(1)
2ab(x− y)c
a(y)cb(y) + ...
Coeffiients C
(1)
1µν and C
(1)
2ab are dimensionless. Besides, we have just two possible
tensor strutures: ηµν and zµ ≡ xµ−yµ. There's one obvious mass sale in the theory
- the spinor mass m, and also a hidden one - the subtration point µ. However, the
latter enters only logarithmi orretions to the power expansion (we're onsidering
the ase z → 0, but for this expansion to be valid it is neessary that |g ln z2µ2| < 1).
Thus, any oeffiient funtion C(z) of the expansion has the following struture:
C(z) = Azα(1 +
∞∑
k=1
Ak(g ln z
2µ2)k) (8)
The question of spinor mass is a bit more subtle. Can the terms with negative
powers of m ontribute to the oeffiient funtions? If yes, then the whole struture
of the Wilson expansion for nonsingular terms is destroyed, beause then it would
be possible to take operators of arbitrary dimension and to obtain operators of other
mass dimension by simply dividing them with the neessary power of mass. As a
result in any order of z we would get an infinite series of ondensates. Fortunately,
here we an apply Weinberg's theorem, whih guarantees the existene of a limit of
zero spinor mass for quantum eletrodynamis in ase of diagrams without expliit
external momenta, and, therefore, the terms mentioned above are prohibited.
Taking into aount all what was said above, let's write down the most general
form of the oeffiient funtions C
(1)
1µν è C
(1)
2ab:
C
(1)
1µν = βηµν ; C
(1)
2ab = κδab; (9)
Substituting this in the expansion (7), we obtain:
K(x, y) →
x−y→0
C0(x− y) · 1 + βA
2(y) + κca(y)ca(y) + ... (10)
Gauge invariane of the v.e.v. of the l.h.s. of this equation onstrains the
oeffiients β and κ:
κ
β
= α (11)
This equality doesn't require any speial proof, as we showed in the previous
setion that the vauum ondensate < 0|A2µ(x)+αc(x)c(x)|0 > is gauge independent
in the Abelian ase.
2
We don't take into aount possible ondensates with non-zero ghost number, beause they
don't ontribute to the physial setor of the theory.
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4 A neessary onsequene of
d
dα
< A2µ >= 0
The non-Abelian ase is espeially interesting, though. In the work [6℄ with the
help of nonommutative field theory methods it was shown, that the ondensate
< 0|Aaµ(x)A
µ
a(x)|0 > is gauge-invariant, but this statement requires some extra
explanation, beause, for example, from (5) it is lear, that in the partiular ase of
Abelian theory
d
dα
< 0|Aµ(x)A
µ(x)|0 >= D(0),
where
D(x) = −
∫
eipx
p2 + iǫ
d4p,
and this quantity is equal to zero only if D(0) = 0, whih is true, for instane, in di-
mensional regularization. It is quite probable, that in nonommutative theory the
requirement of the existene of a gauge-invariant regularization is rather onstrain-
ing, and the ondition mentioned above is a neessary ondition for it. This question
is non-trivial and requires further investigation. Here we present one of the possible
methods for heking the equality
d
dα
< A2µ >= 0, (12)
and more preisely we will show that there's a neessary ondition:
< ca(x)ca(x) > |α=0 = 0, (13)
i.e. the absene of ghost ondensation in the Lorentz gauge.
The path integral, whih determines the vauum ondensate, has the following
form in Yang-Mills theory:
<
∫
d4xAµ(x)A
µ(x) >= N−1
∫ (∫
d4xAµ(x)A
µ(x)
)
exp {i
∫
d4x(L(Aµ)+ (14)
+
1
2α
(∂µA
µ)2 + caMabc
b)}(
∏
x,µ
dAµ(x)dcdc),
where L is the Lagrangian for Yang-Mills fields without matter fields:
L = −
1
4
tr(F µνFµν) (15)
Fµν = ∂νAµ − ∂µAν + g[Aµ, Aν ] (16)
Let's make the transformation
Aµ → Aµ −
δα
2α
Dxµ
∫
M−1(x, y)∂νAν(y)d
4y
5
in this path integral, and, keeping only the terms of order δα, we obtain:
<
∫
α
d4xAµ(x)A
µ(x) >=<
∫
α+δα
d4xAµ(x)A
µ(x) > − (17)
−
δα
α
∫
d4x
∫
eiStr(Aµ(x)D
x
µ(M
−1∂νA
ν))
∏
dAµ(x)dcdc.
Let's take into aount that
tr(Aµ(x)D
x
µ(M
−1∂νA
ν)x) = Aaµ(x)D
ab
µ (M
−1
bc ∂νA
ν
c )
x = (18)
= Aaµ(x)(δ
ab∂µ − t
acbAcµ(x))(M
−1
bc ∂νA
ν
c )
x
and the antisymmetry of the struture onstants tabc of the gauge group:
Aaµ(x)A
c
µ(x)t
abc =
1
2
(Aaµ(x)A
c
µ(x)t
abc + Acµ(x)A
a
µ(x)t
cba) = 0. (19)
Therefore (17) takes the following form after integration by parts in the last term:
<
∫
α
d4xAµ(x)A
µ(x) >=<
∫
α+δα
d4xAµ(x)A
µ(x) > + (20)
+
δα
α
∫
d4xd4y
∫
eiS∂µAaµ(x)M
−1
ab (x, y)∂
νAbν(y)
∏
dAµ(x)dcdc,
where M(x, y) is the kernel of the operator M . Thus, we get:
d
dα
<
∫
d4xA2µ(x) >= −
1
α
∫
d4xd4y
∫
∂µA
a
µ(x)M
−1
ab (x, y)∂νA
b
ν(y)e
iS
∏
dAdcdc
(21)
The r.h.s. of the equation (21) an be rewritten in the following form:
d
dα
<
∫
d4xA2µ(x) >= −
1
α
∫
d4x d4y < ∂µA
(0),a
µ (x)∂νA
(0),b
ν (y) >< M
−1
ab (x, y) > −(22)
−
1
α
∫
d4x d4x′ d4y d4y′∂µD
(0),ac
µµ′ (x− x
′) ∂νD
(0),bd
νν′ (y − y
′)T abcdµ′ν′ (x
′, y′).
Here A
(0),a
µ is the free gauge field, ànd D
(0),ab
µµ′ (x− y) is its propagator. The funtion
T abcdµ′ν′ an be written as a perturbation theory series, using formula (21). It is only
important, that this funtion is nonsingular at α = 0. At the same time the free
Green's funtion satisfies the equation
∂xµD
(0),ab
µν (x− y) = −αδab∂
x
ν
∫
eik(x−y)
k2 + iǫ
d4k (23)
It follows that in the limit α → 0 the seond term in the r.h.s. of (22) is equal to
zero, and
d
dα
<
∫
d4x A2µ(x) > |α=0 =<
∫
d4x M−1aa (x, x, A) > |α=0 =< c
a(x)ca(x) > |α=0
(24)
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In this way we obtain the neessary ondition for the gauge independene of the
ondensate <
∫
d4xAµ(x)A
µ(x) >:
<
∫
dx ca(x)ca(x) > |α=0 = 0 (25)
In the Abelian ase this requirement redues to the ondition D(0) = 0, whih was
disussed above. Let us explain one again, that the equation (25) should hold
in ommutative theory, if it is obtained as a limit ξ → 0 from a gauge-invariant
regularized nonommutative theory. It is worth noting, that gauge invariane of the
ondensate < A2µ > in non-Abelian theory doesn't guarantee its appearane in the
Wilson expansion of a gauge-invariant produt of operators. The fat is that gauge
invariane of this ondensate was proved by using the nonommutative formulation
of the theory at an intermediate stage. At the same time, as it is shown in Appendix
2, in nonommutative theory the Wilson expansion may be violated by terms of
order ξ, whih doesn't allow us to make the onlusion about the appearane of this
operator in the Wilson expansion.
5 Conlusion.
In this work we have obtained the following results: first of all, in U(1)-theory we
showed the gauge invariane of the v.e.v. < 0|T (Aµ(x)A
µ(y) + αc(x)c(y))|0 > and
the expliit form of the Wilson expansion of this operator was built. We suggested
a method for heking the equation
d
dα
< Aa2µ >= 0 in the non-Abelian theory by
studying the properties of the ghost ondensate. It is shown, that in nonommuta-
tive field theory the Wilson OPE is no longer valid, and therefore gauge invariane
of the ondensate < A2µ > doesn't guarantee, that it ontributes to the Wilson ex-
pansion of the produt of gauge-invariant operators in ommutative theory.
Appendix 1.
Proof of the statement Gµν(p) = (ηµν −
pµpν
p2
)G(p2)− α pµpν
p4
; dG(p
2)
dα
= 0
d
dα
< T (Aµ(x)A
µ(0)) >=
d
dα


∫
Aµ(x)A
µ(0)eiS(α)
∏
x
dAdcdc
∫
eiS(α)
∏
x
dAdcdc


(26)
It is onvenient to introdue the following notation:
Q(α) ≡
∫
Aµ(x)A
µ(0)eiS(α)
∏
x
dAdcdc;
N(α) ≡
∫
eiS(α)
∏
x
dAdcdc;
C(x) ≡< T (Aµ(x)A
µ(0)) >; (27)
Then
dC
dα
=
Q′ N−Q N′
N2
(28)
7
Q′ =
∫
Aµ(x)A
µ(0)
(
−
i
2α2
∫
(∂µA
µ)2d4y
)
eiS
∏
dAdcdc (29)
The Ward identity for Abelian theory takes the form:
1
α
∂yν1
[
1
i
δZ
δJν1(y)
]
= −
∫
d4zJν1(z)∂
z
ν1
D(y − z) · Z. (30)
Applying the operator ∂qν2
[
1
i
δ
δJν2 (q)
]
to this equation, and then the operator
1
i2
δ
δJµ(x)
δ
δJµ(0)
,
we obtain:
1
α
∂yν1∂
q
ν2
[
1
i2
δ2Z
δJν1(y)δJν2(q)
]
= −
1
i
δ(y − q) · Z−
1
i
∫
d4zJν1(z)∂
z
ν1
D(y − z)∂qν2
δZ
δJν2(q)
;(31)
1
α
∂yν1∂
q
ν2
[
1
i4
δ4Z
δJν1(y)δJν2(q)δJµ(x)δJµ(0)
]
J=0
=
1
i3
δ(y − q)
δ2Z
δJµ(x)δJµ(0)
|J=0 − (32)
−
1
i3
×
{
∂xµD(y − x)∂
q
ν2
δ2Z
δJν2(q)δJµ(0)
− ∂yµD(y)∂
q
ν2
δ2Z
δJν2(q)δJµ(x)
}
J=0
Setting q = y and integrating over y, we get:
Q′ = −
i
2α
1
i
(
−(2π)4(δ(0))2Q +N
∫
d4y∂yµD(y)∂
y
ν2
< TAν2(y)Aµ(x) > − (33)
− N
∫
d4y∂xµD(y − x)∂
y
ν2
< TAν2(y)Aµ(0) >
)
.
Here, of ourse, by δ(0) we should understand the regularization δ(0) = (2π)−4 ·Ω
(Ω is the volume of momentum spae) and on having arried out the alulations,
we take the limit Ω→∞. Integrating by parts in the last two integrals and using
the Ward identity for the two-point Green's funtion
∂xµ∂
y
ν < T (A
µ(x)Aν(y)) >= −αδ(x− y)
we obtain the result:
Q′ = −
N
2α
(
−(2π)4(δ(0))2 < T (Aµ(x)A
µ(0)) > −2αD(x)
)
(34)
Analogously we get
N′ =
1
2α
(2π)4(δ(0))2N (35)
Combining the last two equations, we have:
Q′ · N− N′ ·Q = D(x)N2, (36)
and due to (28):
dC
dα
= D(x). (37)
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As C(x) is the ontration of the identity (5) with respet to the Lorentz indies, it
is lear, that G(p2) doesn't depend on α.
Appendix 2.
Impossibility of building a Wilson OPE in nonommutative field theory.
Let us demonstrate the impossibility of building a Wilson OPE in nonommu-
tative quantum field theory. We onsider the simplest example - the expansion for
Tφ(x)φ(0) as x→ 0 in the ase of φ ⋆ φ ⋆ φ ⋆ φ-theory. It is lear, that in the non-
ommutative field theory in priniple there ould be two different expansions: those
with ommutative or nonommutative ondensates, i.e.:
Variant 1
Tφ(x)φ(0) = C0(x) · 1 + C1(x) · [φ(0) · φ(0)] + ... (38)
Variant 2
Tφ(x)φ(0) = C0(x) · 1 + C1(x) · [φ(0) ⋆ φ(0)] + ... (39)
Neither of these variants is realized. Let's onsider a matrix element over one-
partile states < p|Tφ(x)φ(0)|k > in the lowest order3 (∼ g):∫
d4xeiqx < p|Tφ(x)φ(0)|k >∼
g
3
1
q2 +m2
1
(ω − q)2 +m2
× (40)
× (cos [(ω − q)× q] cos [p× k] + cos [(ω − q)× p] cos [q × k]+
+ cos [(ω − q)× k] cos [q × p]) ,
where ω = k − p. As q →∞ we get the following asymptoti behavior:
Asymp
q→∞
∫
d4xeiqx < p|Tφ(x)φ(0)|k >∼
g
3
1
q4
· (cos [(ω − q)× q] cos [p× k] + (41)
+cos [(ω − q)× p] cos [q × k] + cos [(ω − q)× k] cos [q × p]) ≡ A(q, k, p, ω)
As it is easy to see, this funtion A(q, k, p, ω) annot be deomposed into a produt
of two funtions, depending on the large momentum q and small external momenta
p and k, i.e.
A(q, k, p, ω) 6= B(q) · C(k, p), (42)
whereas suh representation would be neessary for a Wilson expansion, both (38)
or (39) (whih is lear diretly from the form of these expansions).
For omparison let's onsider the ommutative limit ξ → 0 of the amplitude (40)
or the asymptoti formula (41):
lim
ξ→0
A(q, k, p, ω) ∼
g
q4
, (43)
whih is fatorized in the form (42) if we set:
B(q) =
g
q4
;C(k, p) = 1. (44)
3
Feynman rules for nonommutative φ4-theory an be found, for instane, in [9℄
9
Similar ideas were presented in the work [10℄.
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